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A BANACH SPACE WITH,
UP TO EQUIVALENCE,
PRECISELY TWO SYMMETRIC BASES

BY
C.J.READ

ABSTRACT

It is well known that the classical sequence spaces ¢, and [, (1 = p <) have, up
to equivalence, just one symmetric basis. On the other hand, there are examples
of Orlicz sequence spaces which have uncountably many mutually non-
equivalent symmetric bases. Thus in [4], p. 130, the question is asked whether
there is a Banach space with, up to equivalence, more than one symmetric basis,
but not uncountably many. In this paper we answer the question positively, by
exhibiting a Banach space with, up to equivalence, precisely two symmetric
bases.

§1. Introduction

(1) If X is a Banach space with a normalised symmetric basis (x,)s-; with
symmetric constant 1, and o = {0;};-, is a sequence of consecutive disjoint finite
subsets of the integers, denote by &; the number of elements in o;, and define the
‘“‘averaging projection” P, on X as follows:

ro-5((Sa)/2)(Sx) (x5 anex)

n€o; nEao; n=1

Then we quote from [4], p. 117:
If X is a Banach space with normalised symmetric basis {x.}»-1, and P, is an
averaging projection X — X, put

U = P,(X).
Then X=X U.

(2) Our method of producing a space with just two symmetric bases is to
produce spaces Y and Z, each with a symmetric basis, so that there is an
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averaging projection P on Y with PY = Z, and an averaging projection Q on Z
such that QZ =Y.
It follows from the proposition that

Y=Y®Z and Z=ZPY.

Thus Y =Z. So Y has at least two non-equivalent symmetric bases. We then,
in the remainder of the paper, prove that, up to equivalence, the only other
symmetric basic sequence in Y is the unit vector basis of /,. Since our space is
obviously not equivalent to /;, this completes the proof.

(3) First we introduce some notation. Let us choose, once and for all, a
bijection
i —>(¢(i), ¥(i)):N>NXN.

Then if X is any Banach space with chosen normalised symmetric basis (e; )i,
and x, y € X, we define

(@) x:y =2ZLixsmYeme: (x =21 xe, y =27, ye).

(b) [x,y] = 27, z.&;, where 2, =y, 2., = x; for each i EN.

If 7 is a permutation on N (written 7 € S(N)) we define

(©) m(x) =21 X085
also

(d) £ =m(|x]),
where #r is chosen so that the coordinates of X, with respect to (e)i-,, are
monotonic decreasing.

These definitions of course depend on the choice of symmetric basis; but it will
always be clear what basis we are using.

Considering definition (a), we see that, in the general case of a Banach space
with symmetric basis, there is no guarantee that just because x,y are in X, x:y
will be in X. However, we shall in fact be using spaces which not only do have
this property, but also satisfy the very strong inequality

=y llx =l xllally b + 1y lloll -

It is by this inequality that we prove that there are only three symmetric basic
sequences in our space (up to equivalence).

Note. Z. Altshuler, in [1], uses techniques somewhat similar to those in this
paper, to produce a space with symmetric basis which contains no ¢, or [, and all
its symmetric basic sequences are equivalent. His norm satisfies

Ix:ylx = Cllxllollylx +lylallxllx).  with C>1.
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It is not clear that there are norms not equivalent to the ¢, norm, which satisfy
the stronger inequality: our first task is to produce some.
§2. Producing some special norms

Let X = I,. For the purposes of the definitions (a) to (d) in §1, the symmetric
basis we use is the canonical unit vector basis (e;);-,. We define a sequence of
norms | - [l., inductively, as follows:

3¢ lloy = 1

b = int{ b+ 3 (b DB+ Bl 1)
such that there are m,, ms, - -, m € S(N)
with |x|=x, +’2 . (y, :z,)}.
We then put

x| =lim||x[|: = inf |x{..

This norm is a symmetric norm on [, satisfying

I llo = Hxll=Hx 1

and

el = int x b+ 3% .l 1+ D2 )

L3
such that |x|=x,+ 2, m(y :z,)}.
r=1

In particular,

sy =ty I+ 1y lall= 1

In fact, || || is the largest symmetric norm on I, less than ||- |, which has this
property. We wish to prove that ||-|| is not equivalent to || |l,. We do this by
showing that, as k — o,

U = —> 00,

k
2 e
i=1
Suppose this is false. Then v, must tend to some constant K. Let us choose £ >0,
and suppose that for m = N, v, = K — €. Then for any m = N, we can choose x,,
{y,z.:r=1,--- k}, such that
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m k
2 €; §X| + Zl Tr,(yy :Zr))

i=1

and

k
Il + E Uy daliz N+ 2 llly D < K +e.
Therefore there must be vectors y, z and a permutation 7 such that

w(y:2)- (et - +en) 2z Uy lalzl+ 1z laly D,

Suppose that y and z are two such vectors, say

Iylle=lHzlle=1.

If
m(y:z) (et - +en)=A, (with2/(K+e)=A=1)
then
Izl +lyl=AK +e).
Suppose
Izl =8A(K +¢),
*)

Iyll=1-8)AK +e).

There are at most (N —1) coordinates of z which are greater than
A (K + ¢)/(K — ¢), and at most (N — 1) coordinates of y which are greater than
(1-8)A(K + ¢)/(K — €). Therefore

=m(y:z) (e1t--- +em)

=(N-17+(m - (N -1 telnadl=9)

For small choice of ¢, and large m, this is a contradiction unless § or 1 — 8 is
very close to 1. But since ||y || z || are both greater than or equal to 1, in view of
(*) we cannot have 8§ or 1— 8 less than 1/(K + ¢). So in fact we cannot have
v, — K| so v, is unbounded.

We now define

fx|™="int Nxl,+ Nlllel

x +x=ix|
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LemMa 1. For each N, ||-|* also has the property that

Iy I = lxlally 1+ 1y oll < -

ProOF. Given x,y we may choose £ >0, and put & = &/(]|x [l + |y |l.)- We
can choose xi, X2, ¥, y> such that

X1, x,=0; Vi, y:20;

xtx=x|, yity.=|yl;
and

1
1% 2 Nl xifl + 55 1% - 8,

1
Iy ™= Nl yilla + 5 lly=1 - 8.

Then (x: + x,):(y: + y2) =|x : y|; therefore
xl:(yl+y2)+(xl+x2):)’1+xZ:)'2§|x:yl,

and

1
x:y I = Nlixe: i+ ya)llo + Nl e+ x2): yilla + 5l x22 2|
= Nlxillallys + yallo + Nliyallo I + xalle

1 .
+ 5 (1%l yzllo + Iy2llllx2ll) by the known properties of{ - [}

==+ 8)ly o + Ay I+ 8) || x

=[xy o + My 1™ x s + .

Since this is true for any £ >0, we have as required

[l =y I = U Iy o + Uy B0 -

The norms ||« || have the following properties:

1) WN)x [l =[x [ = N x |-

@) lle|™=1N.

Q) e+ - +el">N as k>,
It follows that we may choose increasing sequences (N;)i-i, (ki)i-1, such that
N,=k, =1, and

(N))

e+ - te
N,

- &, I <27,
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Let us choose such a pair of sequences (N;)-; and (k:)7-:. Having done this, we
define our spaces Y and Z.

§3. Definition and elementary properties of Y and Z

For each x €1,, define Tx to be that vector in /; whose ith coordinate is
ix]™. Then

I Txll, =[x [l Tesll,

el 3 e
el (1+ 32)
i=1

Hxll.

Similarly, define Sx to be that vector in I, whose ith coordinate is - (3) || x [|*%.
As before,

IA

lIA

A

5%t = 1 lull ety = 2 x .

Then we define Y to be the completion of I, under the norm

lxlly =l leo + 1 Sx lley + | TSx |l + | STSx ey + - - -
= 3 (UTSYx o +IS(TSYx o),
and we define Z to be the completion of [, under the norm
e = x fley+ 1l Tx I
Then we see that, for any x €1,

Ixllo=lxlly =2fix].,
and

el =Hxfle =20l -

The unit vectors (e;)i-, of {, now form a 1 symmetric basis of Y (or Z).

LemMa 1. On |, the Z norm is continuous with respect to the Y norm.
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For if x = 2., A& € Y, then for some M,
GYlx|™=M  foralli €N,
hence
x| = MG);

therefore Tx €1/, and x € Z
But the Z-norm and the Y-norm are not equivalent; for

et te, >l(§>i
N, v 16\2/°
but
e1+"'+ek, <§
N, z 2

Let o =(0;);-, be a sequence of consecutive disjoint finite subsets of the
integers, such that g, = k; for all j. We have associated averaging projections
P,:Y—>Yand Q,: Z—~Z

LemMa 2. P, Y=Z; Q,Z=Y.
We prove that Q,Z = Y ; the proof that P,Y = Z is very similar. Q,Z is the
closed subspace of Z generated by vectors

v =, e.

i€a;
Now &, = k., and we know that
et +e
N,

-8 ’ <270,

So we can roughly normalise v; by replacing it with

v
N

Wi
We then have
o (1
17w - el = 3 | Jw- 5,

< —(i+')= —i
ggz D=
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Then, if v =3[, Aw,,

(g,
'Z A

ol =lofl,+

=4l +

2T —el
S4Ala ALy +20A 0 2 1 T(w) - el

=4fAlo+IA Ly +lAfo 2 27

=6[Aflu+{Ally =T[A [y

However,

lole 2] V Ix1T00)]

= "Z} |Ale (1 —2—2‘)”;%[[4\ flv.

So in fact {w;}-; is a basis for Q,Z, equivalent to the unit vector basis of Y.
Adding on the similar result P,Y = Z, and applying the argument of [1],
section 1, we learn that Y =27,
The rest of this paper is devoted to proving that, up to equivalence, there are
no further symmetric bases of Y.

DEFINITION. Let y € Y. We define
(TS)" ™y, ifnisodd, nz3,
w.(y)=13 S(TS)" ™y, if niseven, n>0,
Iy, ifn=1
Thus

¥l = 3 ol

LeMMA 3. Let (y)a-1 be a symmetric normalised block basis of Y. Suppose
that Z7_i|| @, (yu)ll, does not tend to zero as k — = uniformly in n. Then (y,);-, is
equivalent to the unit vector basis of |,.
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Proor. By hypothesis we may find ¢ > 0 and a subsequence (y., )i-1 of (y: )1,
and integers m; <m,< --- such that, for all ;,

m -1

S lag)lze.
r=m;

Then

"Alyﬂl +eet /\kyﬂk "g 2 "“"(/\ly"l toer 4+ Aky"k )"q)
k m -1
23 ( 3 laolk)
i=]1 r=my
Ze¢ "A "’1 .

So the subsequence is 1/¢ equivalent to the unit vector basis of I;; since the
sequence is symmetric, this proves the lemma.
We now have to investigate all symmetric block bases of Y such that

3 o gnk =0,

uniformly in n.

§4. Ramsey theory
In this section I am going to state, without proof, two Ramsey type results.

DerFiNITION.  (2) Let A be the collection of all strictly increasing sequences
n = (n);-; of natural numbers.

) If myn€A, say mCn if {m:};., C{n}-:.

(c) If m,n € A define m - n =1 where |, = m,,
A may be regarded as a measurable subset of 2.

Lemma 1. If C CA is measurable, then either
(1) there exists n € A such that for all m Cn, m € C; or
(2) there exists n € A such that for all m Cn, m& C.

DEerFINITION.  Let Q:A— A be the “shift” sending (m)i-: to (m:)i-, where
m;, = Ny,

We deduce from Lemma 1 the next lemma:

LemMMA 2. Suppose 7:A— K is measurable, where K is a compact metric
space. Then we can find an n € A and an x € K such that, for all m Cn,
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T (Q’M)T X.

(This is essentially a repeated application of Lemma 1, together with a
diagonal sequence argument.)

§5. Definition of convergence “permuted weakly”
DermnitioN.  If (x;)7-1 Cco, we say

X AN a, B (“permuted weakly””)

j—ac0

. o(cgly) alcply)
if x, —~>a and (x, —a)*—B.

(Recall that, if x € ¢q, £ = 7(|x|), where 7 is chosen so that the coordinates
of £ decrease.)

We may think of this as saying that, for large i, x; looks like « on the first few
coordinates, but like a permutation of 8 on coordinates further on. This is made
formal by

Lemva 1. If x.-i)a, B, we can find n €E A and = € S(N) such that, for
each i,

1% — |- (e : B)lly <27
Proor. Without loss of generality a« =0. Then since
x; =0, %586,

we may first choose a subsequence m € A so that

I%m —Ble<27  (i=1,2,--+).
We may then choose a subsequence n Cm, so that
g ={jEN:|x, - ¢|>27"7 (i=12--+)

are a disjoint collection of finite subsets of N; let us say

max o; <min g;; — 1.

Then we can choose a permutation 7 € S(N) which, for each i, takes the
largest | 0, | coordinates of e : B onto the largest | o;| coordinates of | x., |; and
then n and 7 will satisfy the condition of the lemma.
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§6. Applying Ramsey theory to the problem in hand

First, some definitions.
Let

V = (co, o(co, )"
Denote an element v € V by (v:)i-1 (v € ¢o). Then we define ¢: Y — V by
y —=>{o (Y.

Then ¢ is continuous, since each w; is norm to norm continuous (in fact a
contraction).

Now let Z, be the collection of all norm continuous maps B(l,)— V, with the
topology of pointwise convergence. Z, is a locally convex space.

For z € Z,, define 2 € Z, by

@A) =WzA)))

for each A €L, i EN. “A” is a measurable map z,— z,. (In fact, “A” is not
continuous since we have the weak topology on ¢..)

Let (y:)7-: be a symmetric normalised block basis of Y. Then define 7:A— Z;
by

(n)=T":B(lL)-V,

where

T(n) (2 A,-e,') = ¢(2 Aiyn‘) .
i=1 i=1
LemMa 1. 7 is continuous and 7(A) is precompact.
ProOE. (1) 7 is continuous, For in Z; we have a subbase of neighbourhoods
{z € Zi:[{(zM\)), u)—a| <1}

(where A, u €1,, a €R, and ( ); denotes the ith component).
The inverse image of this under = is

(+(g) )| 1)

{nEA:

which is open in A because

EIA;I?O

i=N
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(2) 7(A) is precompact. For for all » € A, A € B(l,), we have
T™(A) € (B(co))"

since (y:)i-: is normalised.

But (B(co))" is compact in V, so 7(A) is in a collection of uniformly continuous
maps B(l}))— K, where B(l,) is separable metrisable, and K is compact. Thus
7(A) is precompact.

We may now apply to 7 Lemma 2 of §4, and obtain a z € Z,, n € A such that
for all m Cn,

(Q'm)— z.
Then we define o:A— Z, by

ag(m)=(r(m-n)—z)".

Then o is measurable and o(A) is precompact. So, applying Lemma 2 again,
we obtain z' € Z, and n’ € A such that for all m Cn’,

a(Q'm)——:» z'.
Now z and z’ are maps B(l;)— V. Since
V= (CO’ G(CO’ ll))N’
we may consider the ‘“components”
Z;:B(ll)—)Co (i=172a'..)
and
Zf—:B(lJ-’Co (i=1,21"')’
such that
z(A)=(z(A))= and z'(A)=(zi(A))i- (A €l).

We then have, for each A€, and m Cn’ - n,

it pw
o (E z\,‘y,,.i*,)———» zi{A), zi(A).
i=1 r—x

We wish to identify z; and z;| more closely; the following lemma enables us to
identify 2.
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LemMA 2. Suppose ¢ :1;— co is a contraction, and satisfies

1 $(x)=0, S(Ax)=|1|d(x) (AERxE),
(2 (X1 +x) = P(x))+d(x2)  (x1,x2€ 1),
3 [ %1 Z|x:| 2> (x1) Z (o).

Suppose also that for all m EA,

82 Mem.,) = 20,20,

Then
Z'(A)=(z'(e)):A)", forallA €1,.

PrOOF. Put x; = ¢(e;) and, applying Lemma 1 of §5, choose m €A and
7 € S(N) such that, for each i,

W, — z(e1)| — m(e: : 2" (€l <27
Since x; 20 for all i, and x; = z(e,), we may assume that
G, — z(€2))-ll <2772,
so that
ll%m, — z(€1) — (e : B, <277

In view of our hypotheses (2) and (3) we have, for all A €1},

iz |A ] p(em) = ¢(2 Me,,.‘)é 2 [ A | b (em ).

i

So there are vectors &; and &, such that
IAloz(e)+m(A:z'(e)— & = 4’(2 )tae...,)
=lAlz(e)+ w(A:2'(e) + &2,
with
Ileallqégu,-lz"' (i=1,2).

But we know that

8( 3 Nem..)——>2(0), 71).
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Therefore we must have
Z'(A)=(A:2'(e))",
as required.
In order to identify z; we need a further lemma:

LemMa 3. Suppose x € ¢o, x; —p-w—>a, B. Then for each n,

™ —> e BT
(where [a, B] is as in part (3)b of §1).
Proor. |-[* is equivalent to ||-|,, and is 1-symmetric; but if x: ZsaB,
then, for large i, | x| is co-norm close to a permutation of [|a/,| 8]].

Now we return to our symmetric block basis (y;)i-; of Y. By extracting a
subsequence we may assume that for all n €A,

(3 .. ) o 2 (1), 240,

In view of our first lemma, we know that there are elements (8:);-1 such that

zi(A)=(B::A)
for each i. It is obvious that z,(A) =0 for all A; and for each i = 1, our second

lemma shows that

)= [g][z.-m,z:()«)],

where we take T if i is even and S if i is odd.
So we have identified z;, z/ as follows:

LeMMA 4. There exists a collection (B,)i-1 Cco, such that for all A €1,
(a) z(A)=0,
(b) zi(A)=(B::A) foralli =1,

© 2= § |1z, 2] (21,
where we take T if i is even, S if i is odd.

Now, for each i,

o P ,
w.-(zl A,‘y,'w)_‘—)Zi(A),Z,-(A),
= r—
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so for each fixed M,

M
2 " 2 Aym

Assume that (y)i-; is not equivalent to the unit vector basis of /,. Then by
Lemma 3 of §3,

r—so M
=2zl vz W)

0 M-
2 leym)le—0
i=M+1
uniformly in m. Therefore for each A €/,

u 2 A1)’1-")

But the left-hand side is ||=-i A;y;+ ||v. Therefore, if our block basis is C-
symmetric, it must induce a norm which is C-equivalent to

— 2 "zi(A)"q: v "z,(A)"q,

i=1

A= 35 2l V1220 -

It is sufficient for our purposes to prove that this norm must be equivalent to
either || ||y or |||l

§7. Investigating ||| - |||

A 1ll depends on A and the vectors (B)i-;. We may thus regard ||| - ||| as a
function

p: Lhxcd—>R U{x}

(A (B 1)—>2||z.(x)||q,vl|z M)l

where z;, z: are defined as in Lemma 4 of the previous section.

We shall show that ||| - ||| is equivalent to || - | if there is a single 8, # 0 for odd i,
and otherwise is equivalent to ||-||..

Regarding cg' as a vector lattice, we observe that

'Bl I < l B2| implies p(Av Bl) §p(As ﬂ2)’
P, B+ B)=p(A B)+p(A Bo),

fOl' all AE 11, Bl, Bze CoN.
Let 7 :co— c¢5 be the projection onto the odd coordinates;
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7((B)i=1) = (B1)i-s

B, if i is odd,
Bi=

0 if i iseven.

where

Then, for all B Ec3, A €11,
P, 7B)v p(A, (1 —m)B)=p(A, B)=p(A, wB) + p(A, (1 - m)B).
It is thus sufficient to prove

LemMaA 1.
Q1) If wB#0, p(A, mB) is equivalent to ||A|y.
Q) If 01— m)B#0, p(A,(1— 7)) is equivalent to ||A]-.

We prove part (1); part (2) is entirely similar. Firstly, we have

@ P, 78)2 (suplBacil, I
In view of (*) above, the worst case is when

Bi=C-e:, Bm+1=0 foralln=1.

But in this case we have equality.
Second, and harder, is

(b) p(x, mBY=p(er, mB)-|Alv.
Here at last we use our inequality

I = oy 17+ My el ™

(Lemma 1 of §2). This implies that

S(x:y) =[xl Sy +ly ll Sx,

and

T(x:y)=|x|, Ty +|yll, Tx.

Let 2z, and z; (i =1 to =) be the functions such that

POy 78) = Sz v 1) s

and put
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&= " Z"(el)”Co v ”Z’i(el)"fo (' = 1,2’ Tt )
I claim that
Z2M) =M lozile)+ D @A) £
0s2j=i-2

This is proved by induction on i, advancing two steps at a time. The result is true
for i =1. Suppose the result holds for i =2k —1. Then

za(A) = S([z2x-1(A), Bax-1:A])

= S( [(”A lleoZ2-1(€1) +0=i§(_2 Wnzi-1(A) Ezm), Bak-1: A])
= S([sz-l(ex), ﬁzk—x] . A) +o ; R Swak—2j-1(A) - £2+1
=j=k—

= " A "fo S[ZZk_l(ﬁ), 321(—1] + £2x-1SA + . 2 Swzk—zi—l(A) * E2j+1

=jak—-2

=[|A 2o (€)+ D
0=2j

wzk—z,'()t) * E2j+1.
=2k-2

This is the result for i =2k. Then

Zus1(A)=Tza(A)  (there is no contribution from B« )

= "A ”q, Tz (el) + E Tka_zi(A) " E2j+1
0=s2§52k-2

= A llo 2k +1(er) + E k125 (A) " €241
0=2j=2k—1

so by induction, the claim is true for all i.
But now we are home. For

PO, 78) = N7\l v 1240 e

= 3 Itz el VIziedh) + 3 3 oyl ese

=3 loWlhk-3
=[lAllvp(er, 7B).



50 C. ). READ Israel J. Math.

Given the similar result

(supli Bz |)IA Iz = p(A, (1 = m)B) =p(er, (1~ W)B) A |z,

we know that p(A, B) is either equivalent to |- |y or || - ||z, depending on whether
7 = 0. But at the end of §6 we deduced that any symmetric block basis of Y
which is not equivalent to the unit vector basis of [;, must induce a norm which is
equivalent to

ANl =p(A, B)

for some B. Thus any symmetric basic sequence in Y is equivalent either to the
unit vector basis of [, or to that of Y, or to that of Z. So Y has just the two
symmetric bases.

§8. Banach spaces with any finite number of symmetric bases, or countably
many

This section does not contain formal proofs. First, let us consider our maps S
and T:Il,—!;, and produce some others with similar properties.

Recall that Tx is that vector in I, whose ith coordinate is || x ["?, and Sx is
that vector in I, whose ith coordinate is - (3)" - || x |™.

We may similarly define, for 1=r <2,

S(x)=K.-D e ||x||™-r.
i=1

If the normalisation constants K, are chosen correctly, we will have

I exll, =3 = sup 3L
2

x€l " x "'1

We will also have, for each r €[1,2),

S(x:y)=[x) S ) +y oS (x).

In order to produce a space with N symmetric bases, we take N different real
numbers ry, - - -, 1, from {1, 2), and define our space Y to be the completion of /;
under the norm

Ixlly = llx e+ 1S, %l + 1S, S x [l + -

IS, Syxlht e+, Sy S, St -

n—1

= ;Eum.-s,._, ----- S (S, - S Y% |l

i=0
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Then, by methods precisely analogous to the case N = 2, we discover that Y has,
up to equivalence, precisely N symmetric bases.

In order to do the countably infinite case, we need to be slightly more subtle.
In this case, we choose a strictly descending sequence ro, 11,12, -+, from [1,2),
andput S=S,and T. =S, (n=1).

Also, we split up the natural numbers into a countable collection of disjoint
infinite subsets (H,).-:, and define =, : I, = [; to be the natural projection onto
the coordinates in the nth subset H,.

We shall define our new space Y as the completion of /, with anew norm ||+ ||,
which is, as before, an infinite sum of the supremum norms of certain vectors.

In the earlier example of a space with two symmetric bases, the collection of
vectors used was

x, Sx, TSx, -+, (TS)"x, S(TS)"x,- - - .

In this case, however, the Y norm is to be the sum of the supremum norms of
all vectors in the following collection:

X, (m:8x Yie1, (TemiSx )i=1, (mSTmSX )ojms, (Tm STy Sx Yoim15"" "

that is, the collection of all vectors of form
[l@msx  GyineN)
or of form
TS * ﬂ (T, ™, S)x

as m runs from O to infinity.

What happens is, we take the supremum of the vector x, and then split up the
sequence Sx into a countable number of disjoint infinite subsequences, and add
on the suprema of each of these “bits”. We then apply T: to the ith “bit”, and
obtain an infinite collection of new vectors; and we repeat the whole process for
each one of the new vectors in turn (adding on the suprema, applying S and
splitting up, adding on all the new suprema, applying an appropriate T;).

We continue the process inductively; and this gives us a new norm |- ||y which
satisfies

Il =Nzl + 3 Imelo+ 3 1 Tme .
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(Incidentally, it is still true that this norm is bounded by twice the I/, norm.) So if
we define new norms |- ||.,, also symmetric, by

Il = <t + I Tex |,

then we have

Il =l o+ S sl

Now the Z; norms, i =1 to =, correspond to the countable collection of
alternative symmetric bases which Y contains. In fact, using our earlier notation
(at the beginning of §1), if we choose n € N and take an averaging projection on
Y whose lengths g; correspond to those k; (see the end of §2) such that i € H, ;
then the image of the averaging projection is isomorphic to Z,. But, in Z,, if we
take an averaging projection with &, = k;, we have an image isomorphic to Y
again. Thus Y = Z, for all n. So we have found our countable collection of
symmetric bases; and, as before, we wish to show that there are no more. (This is
where the proof becomes very informal.)

Now, as in the case of two symmetric bases, the space we have obtained
contains copies of [;; and if a symmetric basic sequence (y;)i-, is not equivalent
to the unit vector basis of /;, then the amount of weight in the “tail” of the
sequence of supremum norms defining ||y:| must tend to zero uniformly
(compare Lemma 3, §3). So, as before, we can assume that there is a limit p.w. of
the vectors which defines the Y norm of 37 Ay, (A €1).

If these limits are (ax(A),B<(A)) (as k runs through the integers and
(ax(A), Bc(A)) run through the p.w. limits of all the vectors defining the norm),
then

B W= ad a®)=| T |, a0l

where 7S or T; and i are chosen appropriately.
Now the maps mS; i EN and T, still satisfy

Ti(x:y)=|x|l, Ty +llyll, Tix
and
mS(x:y)=| x|, mSy +ly ||,mSx.

Using arguments similar to those of §7, we can find an upper bound on
|=% Aiy: || which, within the symmetric constant of the sequence, turns out to be
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Zi-1]lan(e), Be(ed)lle | A oy where for A [, we take [jA ||, if Bi(e:) =0, but we
take the appropriate Y or Z; norm for the value k if Bi(e;) #0. But

2 | ax (1), Br(er)lfe, <

or else || y: || would be unbounded. And now we use the fact that our norms ||« |z,
are essentially descending (in other words, the norms |- ||z.,,, | lz.2s | lzsss -
are uniformly continuous with respect to |- ||z ).

For then, if B.#0 at a point corresponding to |||y, then the sequence is
equivalent to the unit vector basis of Y'; and otherwise it is equivalent to the unit
vector basis of Z;, where i is the smallest value (hence, the largest norm) for
which there is an appropriate Bi(e;) # 0.

Thus Y has 2 countably infinite number of symmetric bases.

§9. Notes

There is a proof of Lemma 1 of §4 (Ramsey theory) in [2]. The existence of
Orlicz sequence spaces, with uncountably many mutually non-equivalent sym-
metric bases, is proved in chapter 4 of [4] (see p. 153), and also in [3].

REFERENCES

1. Z. Altshuler, A Banach space with a symmetric basis which contains no I, or c,, and all its
symmetric basic sequences are equivalent, Compositio Math. 35 (1977), 189-195.

2. F. Galvin and K. Prikvy, Borel sets and Ramsey’s Theorem, J. Symbolic Logic 38 (1973),
193-198.

3. J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces III, Israel J. Math. 14 (1973),
368-389.

4. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces, Vol. 1, Springer, 1977.

DEPARTMENT OF PURE MATHEMATICS AND MATHEMATICAL STATISTICS
CAMBRIDGE UNIVERSITY
CAMBRIDGE, ENGLAND



